Abstract-In this paper we present a method to compute exact relaxation times for any moments of the Boltzmann equation. The method is valid for any electric field and is particularly useful in the case of vanishingly small field intensities. After a theoretical explanation, the method is applied to a full-band model for electrons and holes in silicon. A strong dependence of the relaxation times on the doping concentration is shown, which is in contradictions to popular beliefs.
I. INTRODUCTION
Over the past 50 years different approximations have been used to compute transport parameters (mobility, diffusion constant, energy relaxation time, ...) for the drift-diffusion and hydrodynamic transport models (see e.g. [1] , [2] ). To our knowledge no exact expression has ever been derived for the relaxation times needed for the even moments (energy, energy squared, squared norm of the velocity, ...) of the transport models close to thermodynamic equilibrium. Only an approximation formula for the energy relaxation time was given by Jungemann et al. [3] .
In this paper we will present a general scheme and a general formula to compute these relaxation times. This scheme holds for any Boltzmann equation (BE) and does not require specific approximations besides those already present in the BE itself. We will then give results for silicon using a full band structure and compare them with the approximation formula of Ref. [3] .
II. THEORY

A. Introduction
Using the Monte Carlo method, the relaxation times in bulk material are usually computed using the formula (see e.g. [3] ):
where f is the solution of the stationary BE, feq is the equilibrium distribution, n (resp. ne,q) is the integral of f (resp. feq) on the k-space, and g is the moment for which the relaxation time is needed. This formula, however, becomes problematic in the case of small electric fields especially for an even function g.
We found a general method and a general discretization scheme that can be applied at least to any semiconductor BE 
Inserting the rhs of (4) and (5) in (1) gives:
where ni is the vector pointing in the direction of the electric field. Note that (6) can be easily extended to the spaceinhomogeneous BE. Using (6) allows to compute exact relaxation times particularly in the limit of a vanishing electric field. For high electric fields the Monte Carlo method can be used to evaluate either (1) or (6).
B. The problem of small electric fields
For small electric fields the distribution function f can be written as:
where S-1 is the vector whose i-th component is the (U)jmoment of the ISO. The important point for the following is that using standard methods, the O(E2) terms cannot be computed. Inserting (7) into (1) gives:
For any system with an even band structure (e(k) = C(-A)), the function fJ(k)E S:'(k) is odd, because S,,1 has by construction the same symmetry properties as e . Thus, if the function g is an even function, (8) reduces to
Because O(E2) cannot be computed in the general case using standard methods, (9) cannot be evaluated. Therefore, formula (1) is unusable at all for even functions y in the limit of a vanishing electric field.
C The heated Maxwelliacn ansatz
Jungemann et al. [3] tackled the problem by using, a heated
Maxwellian as ansatz for f:
(10) and computed -Tq in the limit 17 'T,q. Plugging this into (1) leads to fJe(kI)feq(kI ((-)- for all function h. of the energy. Thus, the denominator of (11) does not depend on the elastic scattering. This is unfortunate.
because in most models the impurity scattering is an elastic process.
Therefore fn Vk(feq(k)n S,(kA'))S9 (k)d3A3 n9 J 9fqR) X h)(.dA (14) because S9 '(k) has by construction the same symmetry properties as g(kA).
As (14) is independent of E there is no problem anymore to evaluate Tg in the limit E 0. One can easily show that if f(k) is an even function, than (14) does also not depend on 77. i.e. the direction of the electric field.
Thus, we proved that the knowledge of S-1'(A) allows one to compute relaxation times for all moments of the Boltzmann equation. even in the limit of a vanishinc electric field.
III. RESULTS
In this part we will focus on the low field case. The theory has been applied to full-band silicon, to electrons and holes, and to different lattice temperatures and doping concentrations.
We used the full-band structure and the scattering models as described in [4] and [5] .
To give the reader an idea about the shape of the S'1s two examples have been chosen. Fig. 1 shows the x-component of the average of the function S-1 on an iso-energy surface [6] or [3] ) and the exact results prove the for holes utility of our method.
